Fuzzy n-ary subpolygroups  by Davvaz, B. et al.
Computers and Mathematics with Applications 57 (2009) 141–152
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Fuzzy n-ary subpolygroups
B. Davvaz a,∗, P. Corsini b, V. Leoreanu-Fotea c
a Department of Mathematics, Yazd University, Yazd, Iran
b Dipartimento di Matematica e Informatica, Via delle Scienze 206, 33100 Udine, Italy
c Faculty of Mathematics, ‘‘Al.I. Cuza’’ University, 6600 Iaşi, Romania
a r t i c l e i n f o
Article history:
Received 17 April 2008
Accepted 10 July 2008
Keywords:
n-ary operation
n-ary hyperoperation
n-ary hypergroup
n-ary polygroup
Fuzzy set
a b s t r a c t
Recently, n-ary hypergroups were introduced and analyzed by Davvaz and Vougiouklis.
n-ary polygroups are suitable generalizations of polygroups and a special case of n-ary
hypergroups. The aim of this paper is to introduce the notion of a fuzzy n-ary subpolygroup
of an n-ary polygroup and to extend the fuzzy results of fundamental equivalence relations
to n-ary polygroups.
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1. Introduction
The concept of a hypergroup was introduced by Marty [1]. Since then, many mathematicians have studied them. The
theory of hypergroups has found many applications in the domain of mathematics and elsewhere. The principal notions
of hypergroup theory can be found in [2–4]. Applications of hypergroups have mainly appeared in special subclasses. For
example, polygroups which form an important subclass of hypergroups, were studied by Comer [5–7]. Quasi-canonical
hypergroups (called ‘‘polygroups’’ by Comer) were introduced for the first time in [8], as a generalization of canonical
hypergroups, introduced in [9]. Davvaz and Poursalavati in 1999 [10] introduced matrix representations of polygroups over
hyperrings; they also introduced the notion of a polygrouphyperring generalizing the notion of a group ring. Zahedi, Bolurian
and Hasankhani in 1995 [11] introduced the concept of a fuzzy subpolygroup, also see [12]. In [13], Davvaz considered
the factor polygroup and interpreted the lower and upper approximations as subsets of the factor polygroup, and then he
introduced the concept of factor rough subpolygroups. Using the concept of fuzzy sets, he introduced and discussed the
concept of fuzzy rough polygroups, also see [14].
Sets endowed with one n-ary operation having different properties have been investigated by many authors. Such
systems have many applications in different branches. For example, in the theory of automata [15] used n-ary systems
satisfying some associative laws, and some other n-ary systems are applied in the theory of quantum groups [16] and
combinatorics [17]. The idea of investigating such systems seems to go back to E. Kasner’s lecture [18] at the fifty-third
annual meeting of the American Association for the Advancement of Science in 1904, where subsets of groups closed with
respect to multiplication of n elements were described. The first paper concerning the theory of n-ary groups, which is a
generalization of the notion of a group, was written (under inspiration of Emmy Noether) by W. Dörnte in 1928 (see [19]).
In his paper, Dörnte observed that any n-ary groupoid (G; f ) of the form f (x1, . . . , xn) = x1 · x2 · . . . · xn, is an n-ary group,
where (G; ·) is a group but for every n > 2 there are n-ary groups which are not of this form. A short review of basic results
on n-ary groups can be find in [20]. In [21], Davvaz studied the relationship between rough sets and algebraic systems.
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n-ary generalizations of algebraic structures are themost naturalway for further development and deeper understanding
of their fundamental properties. Ameri and Zahedi studied algebraic hypersystems in [22]. In [23], Davvaz and Vougiouklis
introduced the concept of n-ary hypergroups as a generalization of hypergroups in the sense of Marty. Also, we can consider
n-ary hypergroups as a suitable generalization of n-ary groups. Leoreanu-Fotea and Davvaz in [24] introduced and studied
the notion of a partial n-ary hypergroupoid, associatedwith a binary relation. Some important results, concerning Rosenberg
partial hypergroupoids, induced by relations, are generalized to the case of n-ary hypergroupoids. Ghadiri andWaphare [25]
defined n-ary polygroups, as a subclass of n-ary hypergroups, and as a generalization of polygroups.
The theory of fuzzy sets proposed by Zadeh [26] has achieved great success in various fields. The study of fuzzy
hyperstructures is an interesting research topic of fuzzy sets. There is a considerable amount of work on the connections
between fuzzy sets and hyperstructures. This work can be classified into three groups. A first group of papers studies crisp
hyperoperations defined through fuzzy sets. This study was initiated by Corsini in [27] and then continued by him, together
with Leoreanu in [28,29], by Leoreanu in [30], and others. A second group deals also with fuzzy hypergroups, but with a
completely different approach. It was introduced by Corsini and Tofan [31], and then studied by Kehagias, Konstantinidou
and Serafimidis [32,33]. A third group of papers concerns fuzzy hyperalgebras. This is a direct extension of the concept of
fuzzy algebras (fuzzy (sub)groups, fuzzy lattices, fuzzy rings etc). This approach can be extended to fuzzy hypergroups. For
example, given a crisp hypergroup (H, ◦) and a fuzzy set µ, then we say that µ is a fuzzy subhypergroup of (H, ◦) if every
cut of µ, say µt , is a (crisp) subhypergroup of (H, ◦). This was initiated by Zahedi et al. [11] and continued by Davvaz [34,
35], Davvaz and Corsini [36,37].
2. Polygroups and fuzzy polygroups
Let H be a non-empty set and f be a mapping f : H × H −→ P ∗(H), where P ∗(H) is the set of all non-empty subsets of
H . Then f is called a binary hyperoperation on H .
Definition 2.1. A polygroup is a systemP = 〈P, ◦, e ,−1〉, where e ∈ P ,−1 is a unitary operation on P , ◦maps P× P into the
non-empty subsets of P , and the following axioms hold for all x, y, z in P:
(1) (x ◦ y) ◦ z = x ◦ (y ◦ z),
(2) e ◦ x = x ◦ e = x,
(3) x ∈ y ◦ z implies y ∈ x ◦ z−1 and z ∈ y−1 ◦ x.
The following elementary facts about polygroups follow easily from the axioms: e ∈ x◦x−1∩ x−1◦x, e−1 = e, (x−1)−1 =
x, and (x ◦ y)−1 = y−1 ◦ x−1 where A−1 = {a−1| a ∈ A}.
Now, we present some examples of polygroups to indicate how these systems occur naturally in various contexts.
Example 2.2. Classical polygroup constructions.
(1) Double coset algebra. Suppose H is a subgroup of a group G. Define a system
G//H = 〈{HgH | g ∈ G}, ∗,H ,−I〉
where (HgH)−I = Hg−1H and (Hg1H) ∗ (Hg2H) = {Hg1hg2H |h ∈ H}. The algebra of double cosets G//H is a polygroup
introduced in Dresher and Ore [38].
In [39], Ben-Yaacov studied polygroups and the blow-up procedure. He obtain a structure theorem for coreless
polygroups as a double quotient space G//H , and a polygroup chunk theorem. A polygroup is called chromatic if it
is isomorphic to the color algebra of some color scheme. Chromatic polygroups have the nice property that they are
exactly the polygroups which have a faithful representation as a regular polygroup of generalized permutations.
(2) Prenowitz algebras. Suppose G is a projective geometry with a set P of points, and suppose that for p 6= q, pq denotes the
set of all points on the unique line through p and q. Choose an object I 6∈ P and form the system
PG = 〈P ∪ {I}, ·, I ,−1〉
where x−1 = x and I · x = x · I = x for all x ∈ P ∪ {I} and for p, q ∈ P ,
p · q =
{
pq \ {p, q} if p 6= q
{p, I} if p = q.
PG is a polygroup (Prenowitz [40]).
(3) Extensions of polygroups by polygroups. In [6], extensions of polygroups by polygroups have been introduced in the
following way. SupposeA = 〈A, ·, e ,−1〉 andB = 〈B, ·, e ,−1〉 are two polygroups, whose elements have been renamed
so that A ∩ B = {e}. A new systemA[B] = 〈M, ∗, e ,I〉, called the extension ofA byB is formed in the following way:
SetM = A ∪ B and let eI = e, xI = x−1, e ∗ x = x ∗ e = x for all x ∈ M , and for all x, y ∈ M − {e}
x ∗ y =

x · y if x, y ∈ A
x if x ∈ B, y ∈ A
y if x ∈ A, y ∈ B
x · y if x, y ∈ B, y 6= x−1
x · y ∪ A if x, y ∈ B, y = x−1.
In this caseA[B] is a polygroup which is called the extension ofA byB.
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(4) Conjugacy class polygroups. In dealingwith a symmetry group, two symmetric operations belong to the same class if they
present the samemapwith respect to (possibly) different cordinate systems, where one coordinate system is converted
into the other by a member of the group. In the language of group theory this means the elements a, b in a symmetric
group G belong to the same class if there exists a g ∈ G such that a = gbg−1, i.e., a and b are conjugate. The collection
of all conjugacy classes of a group G is denoted by G and the system 〈G, ∗, {e} ,−1〉 is a polygroup where e is the identity
of G and the product A ∗ B of conjugacy classes A and B consists of all conjugacy classes contained in the elementwise
product AB. This hypergroup was recognized by Campaigne [41] and by Diatzman [42]. Now, we illustrate constructions
using the dihedral group D4. This group is generated by a counter-clockwise rotation r of 90◦ and a horizontal reflection
h. The group consists of the following 8 symmetries:
{1 = r0, r, r2 = s, r3 = t, h, hr = d, hr2 = v, hr3 = f }.
Dihedral groups occur frequently in art and nature. Many of the decorative designs used on floor coverings, pottery, and
buildings have one of the dihedral groups as a group of symmetry. In the case of D4 there are five conjugacy classes:
{1}, {s}, {r, t}, {d, f } and {h, v}. Let us denote these classes by C1, . . . ,C5 respectively. Then the polygroup D4 is
∗ C1 C2 C3 C4 C5
C1 C1 C2 C3 C4 C5
C2 C2 C1 C3 C4 C5
C3 C3 C3 C1,C2 C5 C4
C4 C4 C4 C5 C1,C2 C3
C5 C5 C5 C4 C3 C1,C2.
As a sample of how to calculate the table entries, consider C3 ·C3. To determine this product, compute the elementwise
product of the conjugacy classes {r, t}{r, t} = {s, 1} = C1∪C2. ThusC3 ·C3 consists of the two conjugacy classesC1,C2.
(5) Character polygroups. Closely related to the conjugacy classes of a finite group are its characters. Let Gˆ = {χ1, χ2, . . . , χk}
be the collection of irreducible characters of a finite group G, where χ1 is trivial character. The character polygroup Gˆ of
G is the system 〈Gˆ, ∗, χ1 ,−1〉where the product χi ∗χj is the set of irreducible components in the elementwise product
χiχj. The system Gˆwas investigated by Roth [43] who consider a duality between Gˆ and G.
Before calculating Dˆ4 we need to know the five irreducible characters of the dihedral group D4. These are given by
the following character table. (Since characters are constant on conjugacy classes, it is usual to list only the conjugacy
classes across the top of the table.)
C1 C2 C3 C4 C5
χ1 : 1 1 1 1 1
χ2 : 1 1 −1 1 −1
χ3 : 1 1 −1 −1 1
χ4 : 1 1 1 −1 −1
χ5 : 2 −2 0 0 0.
We illustrate the calculation of the polygroup product of two characters by consideringχ5∗χ5. The pointwise product
of χ5 with itself yields the following (non-irreducible) character:
C1 C2 C3 C4 C5
χ5χ5 : 4 4 0 0 0.
This character can be written as a sum of irreducible characters in exactly one way: χ5χ5 = χ1 + χ2 + χ3 + χ4. This is
indicated by the entry in the lower right hand corner of the polygroup table for Dˆ4. In general the polygroup product of
two characters χi ∗χj tells which irreducible characters are in the product χiχj, but not the multiplicity. Using i in place
of the character χi the polygroup Dˆ4 is
1 2 3 4 5
1 1 2 3 4 5
2 2 1 4 3 5
3 3 4 1 2 5
4 4 3 2 1 5
5 5 5 5 5 1, 2, 3, 4.
A non-empty subset K of a polygroup P is said to be a subpolygroup of P if, under the hyperoperation in P , K itself forms a
polygroup. It would be useful to have some criterion for deciding whether a given subset of a polygroup is a subpolygroup.
A non-empty subset K of the polygroup P is a subpolygroup of P if and only if (1) a, b ∈ K implies ab ⊆ K ; (2) a ∈ K
implies a−1 ∈ K .
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The subpolygroup N of P is normal in P if and only if a−1Na ⊆ N for all a ∈ P . The following corollary is obtained exactly
from definition.
Corollary 2.3. Let N be a normal subpolygroup of P. Then
(1) Na = aN for all a ∈ P,
(2) (Na)(Nb) = Nab for all a, b ∈ P,
(3) Na = Nb for all b ∈ Na.
Lemma 2.4. Let N be a normal subpolygroup of P. Then for all a, b ∈ P, we have
abN = cN for all c ∈ ab.
For a subpolygroup K of P and x ∈ K , the left coset of K is defined as usual and is denoted by xK and P/K is the set of all
left cosets of K in P .
Theorem 2.5. If N is a normal subpolygroup of P, then 〈P/N,,N ,−I〉 is a polygroup, where
aN  bN = {cN| c ∈ abN} and (aN)−I = a−1N.
Rosenfeld [44] applied the concept of fuzzy sets to the theory of groups, and defined the concept of fuzzy subgroups of a
group. Since then, many papers concerning various fuzzy algebraic structures have appeared in the literature. For the usual
groups, Rosenfeld defined fuzzy subgroups in the following way: a fuzzy subset µ defined on a group (G, ·) is called a fuzzy
subgroup if min{µ(x), µ(y)} ≤ µ(xy) and µ(x) ≤ µ(x−1) hold for all x, y ∈ G. A fuzzy subset µ on a group (G, ·) is a fuzzy
subgroup if and only if each nonempty level subset µt = {x ∈ G | µ(x) ≥ t} is a subgroup of (G, ·).
Then Zahedi et al. in [11] defined the concept of fuzzy subpolygroups of a polygroup, which is a generalization of the
concept of Rosenfeld’s fuzzy subgroups.
Definition 2.6. A fuzzy subset µ defined on a polygroup P is called a fuzzy subpolygroup if for all x, y ∈ P ,
(1) min{µ(x), µ(y)} ≤ µ(z), for all z ∈ xy,
(2) µ(x) ≤ µ(x−1).
In fact we have µ(x−1) = µ(x) because (x−1)−1 = x for every x ∈ G. Moreover, from the above definition we can deduce
that µ(e) ≥ µ(x) for every x ∈ G.
Theorem 2.7 ([11]). Let P be a polygroup and µ be a fuzzy subset of P. Then A is a fuzzy subpolygroup of P if and only if for
every t ∈ (0, 1], µt (6= ∅) is a subpolygroup of P.
Definition 2.8. Let µ be a fuzzy subpolygroup of P . Then µ is said to be normal if for all x, y ∈ P ,
µ(z) = µ(z ′), ∀z ∈ xy, ∀z ′ ∈ yx.
It is obvious that if µ is normal then for all x, y ∈ P
µ(z) = µ(z ′), ∀z, z ′ ∈ xy.
3. n-ary polygroups
We denote by Hn, the cartesian product H × · · · × H where H appears n times. An element of Hn will be denoted by
(x1, . . . , xn)where xi ∈ H for any iwith 1 ≤ i ≤ n. In general, a mapping f : Hn −→ P ∗(H) is called an n-ary hyperoperation
and n is called the arity of the hyperoperation f .
Let f be an n-ary hyperoperation on H and A1, . . . , An subsets of H . We define
f (A1, . . . , An) = ∪{f (x1, . . . , xn) | xi ∈ Ai, i = 1, . . . , n}.
We shall use the following abbreviated notation: The sequence xi, xi+1, . . . , xj will be denoted by xji. For j < i, x
j
i is the empty
set. Thus
f (x1, . . . , xi, yi+1, . . . , yj, zj+1, . . . , zn)
will be written as f (xi1, y
j
i+1, z
n
j+1). Ifm = k(n− 1)+ 1, then them-ary hyperoperation g given by
g(xk(n−1)+11 ) = f (f (. . . , f (f︸ ︷︷ ︸
k
(xn1), x
2n−1
n+1 ), . . .), x
k(n−1)+1
(k−1)(n−1)+2)
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will be denoted by f(k). In certain situations, when the arity of g does not play a crucial role, or when it differs, depending
on additional assumptions, we write f(.), to mean f(k) for some k = 1, 2, . . .. Also, f (ai1, x∗) mean f (ai1, x, . . . , x︸ ︷︷ ︸
n−i
) for
a1, . . . , ai, x ∈ P and 1 ≤ i ≤ n− 1.
A non-empty set H with an n-ary hyperoperation f : Hn −→ P ∗(H) will be called an n-ary hypergroupoid, and will
be denoted by (H, f ). An n-ary hypergroupoid (H, f ) will be called an n-ary semihypergroup if and only if the following
associative axiom holds:
f (xi−11 , f (x
n+i−1
i ), x
2n−1
n+i ) = f (xj−11 , f (xn+j−1j ), x2n−1n+j )
for every i, j ∈ {1, 2, . . . , n} and x1, x2, . . . , x2n−1 ∈ H .
If for all (a1, a2, . . . , an) ∈ Hn, the set f (a1, a2, . . . , an) is singleton, then f is called an n-ary operation and (H, f ) is called
an n-ary groupoid (rep. n-ary semigroup).
An n-ary semihypergroup (H, f ) in which equation
b ∈ f (ai−11 , xi, ani+1) (∗)
has a solution xi ∈ H for every a1, . . . , ai−1, ai+1, . . . , an, b ∈ H and 1 ≤ i ≤ n, is called an n-ary hypergroup. If f is n-ary
operation, then the Eq. (∗) becomes:
b = f (ai−11 , xi, ani+1). (∗∗)
In this case (H, f ) is an n-ary group.
Let (H, f ) be an n-ary hypergroup and B be a non-empty subset ofH . Then B is an n-ary subhypergroup ofH if the following
conditions hold:
(1) B is closed under the n-ary hyperoperation f , i.e., for every (x1, . . . , xn) ∈ Bn we have f (x1, . . . , xn) ⊆ B.
(2) Equation b ∈ f (bi−11 , xi, bni+1) has a solution xi ∈ B for every b1, . . . , bi−1, bi+1, . . . , bn, b ∈ B and 1 ≤ i ≤ n.
Definition 3.1 ([25]). An n-ary polygroup is a multivalued system 〈P, f , e ,−1〉, where e ∈ P , −1 is a unitary operation on P ,
f is an n-ary hyperoperation on P , and the following axioms hold for all i, j ∈ 1, . . . , n, x1, . . . , x2n−1, x ∈ P:
(1) f (xi−11 , f (x
n+i−1
i ), x
2n−1
n+i ) = f (xj−11 , f (xn+j−1j ), x2n−1n+j ),
(2) e is a unique element, such that f (e, . . . , e︸ ︷︷ ︸
i−1
, x, e, . . . , e︸ ︷︷ ︸
n−i
) = x,
(3) x ∈ f (xn1) implies xi ∈ f (x−1i−1, . . . , x−11 , x, x−1n , . . . , x−1i+1).
It is clear that every 2-ary polygroup is a polygroup.
Example 3.2. Let H = {e, x, y} be a set endowed with a 3-ary hyperoperation f as follows:
f (e, e, e) = e f (x, x, e) = {e, y} f (y, e, e) = y
f (e, e, x) = x f (x, x, x) = {x, y} f (y, e, x) = {x, y}
f (e, e, y) = y f (x, x, y) = P f (y, e, y) = {e, x}
f (e, x, e) = x f (x, e, e) = x f (y, x, e) = {x, y}
f (e, x, x) = {e, y} f (x, e, x) = {e, y} f (y, x, x) = P
f (e, x, y) = {x, y} f (x, e, y) = {x, y} f (y, x, y) = P
f (e, y, e) = y f (x, y, e) = {x, y} f (y, y, e) = {e, x}
f (e, y, x) = {x, y} f (x, y, x) = P f (y, y, x) = P
f (e, y, y) = {e, x} f (x, y, y) = P f (y, y, y) = {x, y}.
For every xi ∈ P (i = 1, . . . , 5), we have
f (f (x1, x2, x3), x4, x5) = f (x1, f (x2, x3, x4), x5) = f (x1, x2, f (x3, x4, x5))
i.e., f is associative. We suppose that −1 : P −→ P is the identity function on P . We have x−1 = x, y−1 = y, e−1 = e, and it
is easy to see that
t ∈ f (x1, x2, x3) implies x1 ∈ f (t, x−13 , x−12 ), x2 ∈ f (x−11 , t, x−13 ), x3 ∈ f (x−12 , x−11 , t)
for every xi ∈ P , i = 1, 2, 3. Therefore 〈P, f , e ,−1〉 is a 3-ary polygroup.
Lemma 3.3. Every n-ary polygroup is an n-ary hypergroup.
A non-empty subset S of an n-ary polygroup P is an n-ary subpolygroup if 〈S, f , e ,−1〉 is an n-ary polygroup, i.e., if it is closed
under the hyperoperation f , e ∈ S and x ∈ S implies x−1 ∈ S. The following elementary facts about n-ary polygroups follow easily
from the axioms,
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(1) e ∈ f (e, . . . , e︸ ︷︷ ︸
i−1
, x, e . . . , e, x−1, e, . . . , e︸ ︷︷ ︸
n−j
) where i, j ∈ {1, 2, . . . , n}, i 6= j,
(2) (x−1)−1 = x,
(3) f (xi1, e∗) = f (xi−11 , e, . . . , e︸ ︷︷ ︸
k
, xi, e∗) for 0 ≤ k < n− i,
(4) f (xn1)
−1 = f (x−1n , . . . , x−11 ).
An n-ary subpolygroup N of P is said to be normal in P if for every a ∈ P,
f (a−1,N, a, e∗) ⊆ N.
Lemma 3.4 ([25]). Let N be an n-ary normal subpolygroup of P, then
(1) f (a−1,N, a, e∗) = N, for all a ∈ P,
(2) f (a,N, e∗) = f (N, a, e∗), for all a ∈ P,
(3) f (ai2,N, a
n
i+1) = f (aj2,N, anj+1), for i, j ∈ {1, . . . , n},
(4) f (N, a, e∗) = f (N, b, e∗), for all b ∈ f (N, a, e∗),
(5) if bi ∈ f (N, ai, e∗) for i = 2, . . . , n, then f (N, bn2) = f (N, an2).
Suppose K be an n-ary subpolygroup of P. We define the relation≡K on P (n−1) as follows:
(xn2)≡k(yn2)⇐⇒ f (K , xn2) = f (K , yn2), for (xn2), (yn2) ∈ P (n−1).
It is clear that the relation≡k is an equivalence relation on P (n−1). The class of (xn2) ∈ P (n−1) is denoted by K [xn2], and the set of
all equivalence classes is denoted by P (n−1)/K.
Lemma 3.5 ([25]). For sequences an2, b
n
2 in P,
(1) f (K , an2) ∩ f (K , bn2) 6= ∅ implies f (K , an2) = f (K , bn2) and K [an2] = K [bn2],
(2) if x ∈ f (K , an2), then f (K , x, e∗) = f (K , an2) and K [x, e, . . . , e︸ ︷︷ ︸
n−2
] = K [an2].
We denote K [x, e, . . . , e︸ ︷︷ ︸
n−2
] by K [x, e∗] and it is easy to see that
P (n−1)/K = {K [x, e∗]|x ∈ P},
where K [x, e∗] = {(xn2) ∈ P (n−1) | f (K , xn2) = f (K , x, e∗)}.
Theorem 3.6 ([25]). Let 〈P, f , e ,−1〉 be an n-ary polygroup and N be an n-ary normal subpolygroup of P. For N[a, e∗] and
N[a1, e∗], . . . ,N[an, e∗] in P (n−1)/N, we define
F : P (n−1)/N × · · · P (n−1)/N︸ ︷︷ ︸
n
−→ P ∗(P (n−1)/N),
F(N[a1, e∗], . . . ,N[an, e∗]) = {N(t, e∗]|t ∈ f (an1)}
and
−I : P (n−1)/N −→ P (n−1)/N,
N(a, e∗]−I = N(a−1, e∗].
Then 〈P (n−1)/N, F ,N ,−I〉 is an n-ary polygroup.
Definition 3.7. Let 〈P1, f , e1 ,−1〉 and 〈P2, g, e2 ,−1〉 be n-ary polygroups. A mapping ϕ from P1 into P2 is said to be strong
homomorphism if for every an1 ∈ P1,
(1) ϕ(e1) = e2,
(2) ϕ(f (an1)) = g(ϕ(a1), . . . , ϕ(an)).
It is easy to see that ϕ(a)−1 = ϕ(a−1).
Theorem 3.8. Let P1 and P2 be two n-ary polygroups and ϕ : P1 −→ P2 a strong homomorphism. Then
(1) If S is an n-ary subpolygroup of P1, then ϕ(S) is an n-ary subpolygroup of P2,
(2) If K is an n-ary subpolygroup of P1 such that ϕ−1(K) 6= ∅, then ϕ−1(K) is an n-ary subpolygroup of P1.
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4. Fuzzy n-ary subpolygroups
Definition 4.1 ([36]). Let (H, f ) be an n-ary hypergroup and µ a fuzzy subset of H . Then µ is said to be a fuzzy n-ary
subhypergroup of H if the following axioms hold:
(1) min{µxnx1} ≤ infz∈f (xn1){µ(z)} for all xn1 ∈ H ,
(2) for all ai−11 , a
n
i+1, b ∈ H and 1 ≤ i ≤ n, there exists xi ∈ H such that b ∈ f (ai−11 , xi, ani+1) and
min{µai−1a1 , µanai+1 , µ(b)} ≤ µ(xi).
Definition 4.2. Let P be an n-ary polygroup. A fuzzy subset of P is called a fuzzy n-ary subpolygroup of P if the following
axioms hold:
(1) min{µ(x1), . . . , µ(xn)} ≤ infz∈f (xn1){µ(z)},
(2) µ(x) ≤ µ(x−1) for all x ∈ P .
Example 4.3. (1) Let µ be a fuzzy subpolygroup of a polygroup (P, ·). If for all x1, . . . , xn ∈ P , we define f (xn1) = x1 · · · xn
then (P, f ) is ann-ary polygroupwith the same scalar identity, and each element has the same inverse as in the polygroup
P and µ is a fuzzy n-ary subpolygroup of (P, f ).
(2) Let (L,∨,∧) be a modular lattice with zero. For x1, . . . , xn of L, we denote
An = x1 ∨ · · · ∨ xn and An(i) = x1 ∨ · · · ∨ xi−1 ∨ xi+1 ∨ · · · ∨ xn.
Define f (xn1) = {z | An = z ∨ An(i), 1 ≤ i ≤ n}. Then (L, f , 0 ,−1) is an n-ary polygroup, where for all x of L, we have that
the inverse of x is just x.
Now, we consider µ(0) = 1 and suppose that µ satisfies the condition: if z = x ∨ y, then µ(z) = µ(x) ∧ µ(y).
Note that for all z ∈ f (xn1), we have z ∈ x1 ∨ · · · ∨ xn, which means that z ∨ x1 ∨ · · · ∨ xn = x1 ∨ · · · ∨ xn. According
to the property of µ, we have
min{µ(z), µ(x1), . . . , µ(xn)} = min{µ(x1), . . . , µ(xn)} ≤ µ(z),
so we obtain the condition (1) of the definition of a fuzzy n-ary subpolygroup. The condition (2) of this definition is
clearly satisfied, since the inverse of x is x.
Proposition 4.4. Any n-ary subpolygroup of P can be realized as a level subset of some fuzzy n-ary subpolygroup of P.
Proof. Let S be an n-ary subpolygroup of a given n-ary polygroup P and let µS be a fuzzy subset of P defined by
µS(x) =
{
t if x ∈ S
s if x 6∈ S
where 0 ≤ s < t ≤ 1 is fixed. It is not difficult to see that µ is a fuzzy n-ary subpolygroup of P , such that µt = S. 
Corollary 4.5. The characteristic function of a non-empty subset of an n-ary polygroup P is a fuzzy n-ary subpolygroup of P if
and only if A is an n-ary subpolygroup of P.
Theorem 4.6. A fuzzy subset µ on an n-ary polygroup P is a fuzzy n-ary subpolygroup if and only if each its non-empty level
subset is an n-ary subpolygroup of P.
Proof. Let µ be a fuzzy n-ary subpolygroup of an n-ary polygroup P . If xn1 ∈ µt for some t ∈ [0, 1], then µ(xi) ≥ t for all
i = 1, 2, . . . , n. Thus
t ≤ min{µ(x1), . . . , µ(xn)} ≤ inf
z∈f (xn1)
{µ(z)},
which implies µ(z) ≥ t for every z ∈ f (xn1). Therefore f (xn1) ⊆ µt . Moreover, for x ∈ µt from µ(x−1) ≥ µ(x) ≥ t it follows
x−1 ∈ µt . So, µt is an n-ary subpolygroup of P .
Conversely, assume that every non-empty level subsetµt is an n-ary subpolygroup of P . Let t0 = min{µ(x1), . . . , µ(xn)}
for some xn1 ∈ P . Then obviously xn1 ∈ µt0 , consequently, f (xn1) ⊆ µt0 . Thus
min{µ(x1), . . . , µ(xn)} = t0 ≤ inf
z∈f (xn1)
{µ(z)}.
Now let x ∈ µt . Then µ(x) = t0 ≥ t , i.e., x ∈ µt0 . Since, by the assumption, every non-empty level set of µ is an n-ary
subpolygroup, x−1 ∈ µt0 . Whence µ(x−1) ≥ t0 = µ(x). In this way the conditions of Definition 4.2 are verified. This
completes the proof. 
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A strong level subset µ>t of a fuzzy set µ in P is defined by µ
>
t = {x ∈ P | µ(x) > t}.
Corollary 4.7. Let µ be a fuzzy set with the upper bound t0 of an n-ary polygroup P. Then the following are equivalent:
(1) µ is a fuzzy n-ary subpolygroup of P.
(2) Each level subset µt , for t ∈ [0, t0] is an n-ary subpolygroup of P.
(3) Each strong level subset µ>t , for t ∈ [0, t0] is an n-ary subpolygroup of P.
(4) Each level subset µt , for t ∈ Im(µ) is an n-ary subpolygroup of P, where Im(µ) denotes the image of µ.
(5) Each strong level subset µ>t , for t ∈ Im(µ) \ {t0} is an n-ary subpolygroup of P.
(6) Each non-empty level subset of µ is an n-ary subpolygroup of P.
(7) Each non-empty strong level subset of µ is an n-ary subpolygroup of P.
Definition 4.8. Let µ be a fuzzy n-ary subpolygroup of P . Then µ is said to be normal if for all x, y ∈ P ,
µ(z) = µ(z ′), ∀z ∈ f (x, y, e∗), ∀z ′ ∈ f (y, x, e∗).
It is obvious that if µ is normal then for all x, y ∈ P
µ(z) = µ(z ′), ∀z, z ′ ∈ f (x, y, e∗).
Theorem 4.9. Let µ be a fuzzy n-ary subpolygroup of P. Then the following conditions are equivalent:
(1) µ is normal.
(2) For all x, y ∈ P and for all z ∈ f (x, y, x−1, e∗), µ(z) = µ(y).
(3) For all x, y ∈ P and for all z ∈ f (x, y, x−1, e∗), µ(z) ≥ µ(y).
(4) For all x, y ∈ P and for all z ∈ f (x−1, y−1, x, y, e∗), µ(z) ≥ µ(y).
Proof. (1H⇒2): Suppose that x, y ∈ P and z ∈ f (x, y, x−1, e∗). Then, z ∈ f (x, s, e∗) where s ∈ f (y, x−1, e∗). Since
s ∈ f (y, x−1, e∗), then y ∈ f (s, e, . . . , e︸ ︷︷ ︸
n−2
, (x−1)−1) = f (s, x, e∗). Thus, by hypothesis we obtain µ(z) = µ(y).
(2H⇒3): It is clear.
(3H⇒4): Suppose that x, y ∈ P and z ∈ f (x−1, y−1, x, y, e∗). Then, z ∈ f (x−1, s, e∗) where s ∈ f (y−1, x, y, e∗). Thus,
µ(s) ≥ µ(x). Since z ∈ f (x−1, s, e∗), then µ(x) = min{µ(x−1), µ(s), µ(e)} ≤ µ(z).
(4H⇒1): Suppose that x, y ∈ P and u ∈ f (x, y, x−1, e∗). Then, u ∈ f (x, y, x−1, e∗) ⊆ f (y, y−1, x, y, x−1, e∗). So
u ∈ f (y, s, e∗) where s ∈ f (y−1, x, y, x−1, e∗). Thus, by (4) we obtain µ(s) ≥ µ(y) = µ(y−1). Therefore, µ(u) ≥
min{µ(y), µ(s), µ(e)} = µ(y). Now, letw ∈ f (x, y, e∗) and v ∈ f (y, x, e∗). Then, y ∈ f (w, x−1, e∗), and so
w ∈ f (x, y, e∗) ⊆ f (x, f (v, x−1, e∗), e∗) = f (x, v, x−1, e∗).
By the above result, we obtain µ(w) ≥ µ(v). Similarly µ(v) ≥ µ(w). Therefore, µ(w) = µ(v). 
Theorem 4.10. Let µ be a fuzzy n-ary subpolygroup of P. Then the following are equivalent:
(1) µ is fuzzy normal in P.
(2) Each level subset µt , for t ∈ [0, µ(e)] is an n-ary normal subpolygroup of P.
(3) Each strong level subset µ>t , for t ∈ [0, µ(e)) is an n-ary normal subpolygroup of P.
(4) Each level subset µt , for t ∈ Im(µ) is an n-ary normal subpolygroup of P.
(5) Each strong level subset µ>t , for t ∈ Im(µ) \ {µ(e)} is an n-ary normal subpolygroup of P.
(6) Each non-empty level subset of µ is an n-ary normal subpolygroup of P.
(7) Each non-empty strong level subset of µ is an n-ary normal subpolygroup of P.
Proof. We shall establish that
(5) −→ (4) ←− (2)
↑ (1)↓↓ ↑
(3) ←− (7) −→ (6)
(1H⇒7): Let µ>t be a non-empty strong level subset of µ such that it is not normal in P . Then, there exists x ∈ P
such that f (x, µ>t , x
−1, e∗) 6⊆ µ>t . So there exists z ∈ f (x, µ>t , x−1, e∗) such that z 6∈ µ>t . Then z ∈ f (x, s, e∗), where
s ∈ f (µ>t , x−1, e∗) and µ(z) ≤ t . Since s ∈ f (µ>t , x−1, e∗), then s ∈ f (a, x−1, e∗) for some a ∈ µ>t . So a ∈ f (s, x, e∗) and
µ(a) > t . Hence we have
[µ(z) ≤ t, z ∈ f (x, s, e∗)] and [µ(a) > t, a ∈ f (s, x, e∗)].
This contradicts that µ is a fuzzy normal in P .
(7H⇒6): Let µt be a non-empty level subset of µ. Then we have µt = ⋂t>r µ>r . Since an arbitrary intersection of n-ary
normal subpolygroups is an n-ary normal subpolygroup of P , then µt is an n-ary subpolygroup of P .
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(6H⇒2): Consider the level subset µt , t ∈ [0.µ(e)]. Then µt is an n-ary normal subpolygroup of P .
(2H⇒4): Let t ∈ Im(µ) ⊆ [0, µ(e)]. By (2) it follows that µt is an n-ary normal subpolygroup of P .
(7H⇒ 3 H⇒ 5): The proof is similar to that of (6H⇒ 2 H⇒ 4).
(4H⇒1): Suppose that µ is not normal in P . Then there exist x, y ∈ P such that µ(z) 6= µ(z ′) for some z ∈ f (x, y, e∗)
and z ′ ∈ f (y, x, e∗). Assume that µ(z) = t1 < tt = µ(z ′). Then z ′ ∈ µt2 but z 6∈ µt2 . Since z ′ ∈ f (y, x, e∗), then
y ∈ f (z ′, x−1, e∗) ⊆ f (µt2 , x−1, e∗). Hence
z ∈ f (x, y, e∗) ⊆ f (x, f (µt2 , x−1, e∗), e∗) = f (x, µt2 , x−1, e∗),
but z 6∈ µt2 . Therefore f (x, µt2 , x−1, e∗) 6⊆ µt2 , where t2 ∈ Im(µ). Thus µt2 is not normal in P . This contradicts (4).
(5H⇒4): Let t ∈ Im(µ). Then µt is non-empty. Now, µt is an n-ary subpolygroup of P follows from µt = ⋂t>r µ>r ,
r ∈ Im(µ) \ {µ(e)}. 
Lemma 4.11. Let µ be a fuzzy n-ary subpolygroup of P. If µ(x) < µ(y), then
µ(z) = µ(z ′) = µ(x), ∀z ∈ f (x, y, e∗), ∀z ′ ∈ f (y, x, e∗).
Proof. Let z ∈ f (x, y, e∗). Then µ(z) ≥ min{µ(x), µ(y), µ(e)} = µ(x). Since z ∈ f (x, y, e∗), then x ∈ f (z, y−1, e∗). Thus,
µ(x) ≥ min{µ(z), µ(y−1), µ(e)} = min{µ(z), µ(y)}. If min{µ(z), µ(y)} = µ(y), then µ(x) ≥ µ(y), a contradiction. Thus,
min{µ(z), µ(y)} = µ(z). Hence, µ(x) ≥ µ(z). Consequently µ(z) = µ(x) for all z ∈ f (x, y, e∗). Similarly, we obtain
µ(z ′) = µ(x) for all z ′ ∈ f (y, x, e∗). 
Theorem 4.12. Let µ be a fuzzy n-ary subpolygroup of P. Then µ is normal if and only if for all x, y ∈ P,
µ(x) = µ(y) H⇒ µ(z) = µ(z ′), ∀z ∈ f (x, y, e∗), ∀z ′ ∈ f (y, x, e∗).
Proof. It follows from above lemma. 
Let ϕ : P1 −→ P2 be a function and µ be a fuzzy set subset of P1. Then ϕ induces a fuzzy subset ϕ(µ) in ϕ(µ) in P2 defined
by:
ϕ(µ)(y) =
{
sup
x∈ϕ−1(y)
{µ(x)} if y ∈ ϕ(P1)
0 otherwise.
Here ϕ(µ) is called the image of µ under ϕ.
Let λ be a fuzzy subset in P2. Then ϕ induces a fuzzy subset ϕ−1(λ) in P1 defined by ϕ−1(λ)(x) = λ(ϕ(x)) for all x ∈ P1.
Here ϕ−1(λ) is called the inverse image of λ under µ.
Theorem 4.13. Let ϕ : P1 −→ P2 be a strong homomorphism.
(1) If µ is a fuzzy n-ary subpolygroup of P1, then ϕ(µ) is a fuzzy n-ary subpolygroup of P2.
(2) If λ is a fuzzy n-ary subpolygroup of P2, then ϕ−1(λ) is a fuzzy n-ary subpolygroup of P1.
Proof. (1) Suppose thatµ is a fuzzy n-ary subpolygroup of P . It is sufficient to show that each non-empty strong level subset
ϕ(µ)>t is an n-ary subpolygroup of P2. Let ϕ(µ)
>
t be non-empty for some t ∈ [0, 1). Let yn1 ∈ ϕ(µ)>t . Firstly, we show that
g(yn1) ⊆ ϕ(µ)>t . We have
ϕ(µ)(y1) > t, . . . , ϕ(µ)(yn) > t
and so
sup
x∈ϕ−1(y1)
{µ(x)} > t, . . . , sup
x∈ϕ−1(yn)
{µ(x)} > t.
Therefore, there exist x1 ∈ ϕ−1(y1), . . . , xn ∈ ϕ−1(yn) such that µ(x1) > t, . . . , µ(xn) > t . Since ϕ is a strong
homomorphism, we have g(yn1) = g(ϕ(x1), . . . , ϕ(xn)) = ϕ(f (xn1)). Let z ∈ g(yn1). Then ϕ−1(z) ⊆ ϕ−1(g(yn1)) =
ϕ−1(ϕ(f (xn1))). Now, for a ∈ ϕ−1(z), there exists b ∈ f (xn1) such that a = ϕ−1(ϕ(b)) and so z = ϕ(b). Thus,ϕ(a) = ϕ(b) = z.
Since µ is a fuzzy n-ary subpolygroup of P1, we have µ(b) ≥ min{µ(x1), . . . , µ(xn)} > t . Therefore,
ϕ(µ)(z) = sup
x∈ϕ−1(z)
{µ(x)} > t.
Hence, z ∈ ϕ(µ)>t . Thus, g(yn1) ⊆ ϕ(µ)>t .
Now, let y ∈ ϕ(µ)>t , then ϕ(µ)(y) > t . Thus, supx∈ϕ−1(y){µ(x)} > t . Hence, supx−1∈ϕ−1(y−1){µ(x−1)} > t . Therefore,
ϕ(µ)(y−1) > t , which implies y−1 ∈ ϕ(µ)>t .
(2) It is straightforward. 
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Let 〈P1, f , e1 ,−1〉 and 〈P2, g, e2 ,−1〉 be two n-ary polygroups. The direct product P1 × P2 is the n-ary polygroup such that
for ai ∈ P1, bi ∈ P2, 1 ≤ i ≤ n,
(f × g)((a1, b1), . . . , (an, bn)) = {(a, b) | a ∈ f (an1), b ∈ g(bn1)}.
Ifµ, λ be fuzzy n-ary subpolygroups of P1, P2, respectively. Then the product ofµ and λ is the fuzzy subsetµ× λ of P1 × P2
where (µ× λ)(x, y) = min{µ(x), λ(y)} for all (x, y) ∈ P1 × P2.
Theorem 4.14. Let 〈P1, f , e1 ,−1〉 and 〈P2, g, e2 ,−1〉 be two n-ary polygroups and µ, λ be fuzzy n-ary subpolygroups of P1, P2,
respectively. Then µ× λ is a fuzzy n-ary subpolygroup of P1 × P2.
Proof. The proof is similar to the proof of Theorem 3.5 in [36]. 
5. Fundamental n-ary groups obtained from n-ary polygroups
Davvaz and Vougiouklis in [23] defined the relation β on an n-ary semihypergroup (H, f ) as follows: β0 is the diagonal
relation i.e., β0 = {(x, x)|x ∈ H}, and, for every integer k > 0, βk is the relation defined as follows:
x βk y ⇔ ∃zm1 ∈ H : {x, y} ⊂ f(k)(zn1), wherem = k(n− 1)+ 1.
Now, set β = ⋃k≥1 βk, then x β y if and only if x βk y for some k ≥ 0. If β∗ is the smallest strongly compatible equivalence
relation on an n-ary semihypergroup (H, f ), such that the quotient (H/β∗, f /β∗) is an n-ary group, then β∗ is transitive
closure of the relation β (for proof see [23]). The n-ary operation f /β∗ is as follows:
f /β∗(β∗(a1), . . . , β∗(an)) = β∗(a), for all a ∈ f (β∗(a1), . . . , β∗(an)),
for every β∗(a1), . . . , β∗(an) ∈ H/β∗. Also, Leoreanu-Fotea and Davvaz [24] show that the relation β is transitive in any
n-ary hypergroup. The relation β∗ is called fundamental relation and (H/β∗, f /β∗) is called fundamental n-ary group. If (H, f )
is an n-ary semihypergroup, then the canonical projection φ : H → H/β∗ with φ(x) = β∗(x) is a homomorphism.
Since n-ary hypergroups form a subclass of n-ary hypergroups, we can define β∗ on n-ary polygroups. Note that if P is an
n-ary polygroup, then P/β∗ is an n-ary group with unit. The kernel of the canonical map ϕ : P −→ P/β∗ is called the heart
of P and is denoted by ωP . Here, we also denote by ωP the unit element of P/β∗. It is not difficult to see that ωP = β∗(e) and
β∗(x)−1 = β∗(x−1) for all x ∈ P .
Definition 5.1. Let 〈P, f , e ,−1〉 be an n-ary polygroup andµ be a fuzzy subset of P . The fuzzy subsetµβ∗ on P/β∗ is defined
as follows:
µβ∗ : P/β∗ −→ [0, 1], µβ∗(β∗(x)) = sup
a∈β∗(x)
{µ(a)}.
Theorem 5.2. Let P be an n-ary polygroup, and let µ be a fuzzy n-ary subpolygroup of P, Then µβ∗ is a fuzzy n-ary subgroup of
P/β∗.
Proof. Since every n-ary polygroup is an n-ary hypergroup, proof follows from Theorem 4.2 of [36]. 
Theorem 5.3. Let P1 and P2 be two n-ary polygroups and let β∗1 , β
∗
2 and β
∗ be fundamental equivalence relations on P1, P2 and
P1 × P2, respectively. Then
(P1 × P2)/β∗ ∼= P1/β∗1 × P2/β∗2 .
Proof. Since every n-ary polygroup is an n-ary hypergroup, proof follows from Theorem 4.3 of [23]. 
Theorem 5.4. Suppose that
(1) P1 and P2 are n-ary polygroups,
(2) β∗1 , β
∗
2 and β
∗ are fundamental equivalence relations on P1, P2 and P1 × P2, respectively,
(3) µ, λ are fuzzy n-ary subpolygroups of P1, P2, respectively.
Then we have
(µ× λ)β∗ = µβ∗1 × λβ∗2 .
Proof. Since every n-ary polygroup is an n-ary hypergroup, proof follows from Theorem 4.4 of [36]. 
Theorem 5.5. Let µ, λ be fuzzy subsets of n-ary polygroups P1 and P2, respectively, and let β∗1 , β
∗
2 and β
∗ be fundamental
equivalence relations on P1, P2 and P1 × P2, respectively. If µ× λ is a fuzzy n-ary subpolygroup of P1 × P2, then at least one of
the following two statements must hold:
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(1) λβ∗2 (ωP2) ≥ µβ∗1 (β∗1 (a)) for all a ∈ P1,
(2) µβ∗1 (ωP1) ≥ λβ∗2 (β∗2 (b)) for all b ∈ P2.
Proof. Supposeµ×λ is a fuzzy n-ary subpolygroup of P1×P2. Then, by Theorem 5.2, (µ×λ)β∗ is a fuzzy n-ary subgroup of
(P1 × P2)/β∗. Using Theorem 5.4, we have (µ× λ)β∗ = µβ∗1 × λβ∗2 . By contraposition, suppose that none of the statements
(1) and (2) holds. Then we can find a0 ∈ P1 and b0 ∈ P2 such that
µβ∗1 (β
∗
1 (a0)) > λβ∗2 (ω2) and λβ∗2 (β
∗
2 (b0)) > µβ∗1 (ω1).
Now, we have
(µβ∗1 × λβ∗2 )(β∗1 (a0), β∗2 (b0)) = min{µβ∗1 (β∗1 (a0)), λβ∗2 (β∗2 (b0))}
> min{µβ∗1 (ωP1), λβ∗2 (ωP2)}
= (µβ∗1 × λβ∗2 )(ωP1 , ωP2).
On the other hand, we always have (µβ∗1 × λβ∗2 )(ωP1 , ωP2) ≥ (µβ∗1 × λβ∗2 )(β∗1 (a0), β∗2 (b0)). Thus, µβ∗1 × λβ∗2 is not a fuzzy
n-ary subgroup of P1/β∗1 × P2/β∗2 . Therefore, either λβ∗2 (ωP2) ≥ µβ∗1 (β∗1 (a)) for all a ∈ P1 or µβ∗1 (ωP1) ≥ λβ∗2 (β∗2 (b)) for all
b ∈ P2. 
Theorem 5.6. Let 〈P1, f , e1 ,−1〉 and 〈P2, g, e2 ,−1〉 be n-ary polygroups and µ, λ be fuzzy subsets of P1, P2, respectively, such
that µ× λ is a fuzzy n-ary subgroup of P1 × P2. If µβ∗1 (β∗1 (a)) ≤ λβ∗2 (ωP2) for all a ∈ P1, then µβ∗1 is a fuzzy n-ary subgroup of
P1/β∗1 .
Proof. Suppose xn1 ∈ P1, then we have
µβ∗1
(
f /β∗1 (β
∗
1 (x1), . . . , β
∗
1 (xn))
) = min{µβ∗1 (f /β∗1 (β∗1 (x1), . . . , β∗1 (xn))), λβ∗2 (g/β∗2 (ωP2 , . . . , ωP2))}
= (µβ∗1 × λβ∗2 )(f /β∗1 × g/β∗2 ((β∗1 (x1), ωP2), . . . , (β∗1 (xn), ωP2)))
≥ min{(µβ∗1 × λβ∗2 )(β∗1 (x1), ωP2), . . . , (µβ∗1 × λβ∗2 )(β∗1 (xn), ωP2)}
= min{min{µβ∗1 (β∗1 (x1)), λβ∗2 (ωP2)}, . . . ,min{µβ∗1 (β∗1 (xn)), λβ∗2 (ωP2)}}
= min{µβ∗1 (β∗1 (x1)), . . . , µβ∗1 (β∗1 (xn))}.
Also, we have
µβ∗1 (β
∗
1 (x)
−1) = min{µβ∗1 (β∗1 (x)−1), λβ∗2 ((ωP2)−1)}
= (µβ∗1 × λβ∗2 )(β∗(x)−1, ω−1P2 )
= (µβ∗1 × λβ∗2 )(β∗1 (x), ωP2)−1
≥ (µβ∗1 × λβ∗2 )(β∗1 (x), ωP2)
= min{µβ∗1 (β∗1 (x)), λβ∗2 (ωP2)}
= µβ∗1 (β∗1 (x)).
Therefore µβ∗1 is a fuzzy n-ary subgroup of P1/β
∗
1 . 
Theorem 5.7. Let µ, λ be fuzzy subsets of n-ary polygroups P1, P2 respectively, such that µ × λ is a fuzzy n-ary subgroup of
P1 × P2. If λβ∗2 (β∗2 (b)) ≤ µβ∗1 (ωP1) for all b ∈ P2, then λβ∗2 is a fuzzy n-ary subgroup of P2/β∗2 .
Proof. The proof is similar to the proof of Theorem 5.6. 
Theorem 5.8. Let µ, λ be fuzzy subsets of n-ary polygroups P1, P2, respectively. If µ×λ is a fuzzy n-ary subpolygroup of P1×P2,
then either µβ∗1 is a fuzzy n-ary subgroup of P1/β
∗
1 or λβ∗2 is a fuzzy n-ary subgroup of P2/β
∗
2 .
Proof. The proof follows from Theorems 5.5–5.7. 
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